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Quantum nature of black hole horizons has been a subject of recent interest and scrutiny. In
particular, a near-horizon quantum violation of the equivalence principle has been proposed as a
resolution of the black hole information paradox. Such a violation may lead to a modified dispersion
relation at high energies, which could become relevant due to the intense gravitational blueshift
experienced by ingoing gravitational waves. We investigate the ringdown for a perturbed black hole
with such a modified dispersion relation and find that infalling gravitational waves are partially
reflected near the horizon. This results in the appearance of late-time echoes in the ringdown
phase of black hole merger events, with similar properties to those (arguably) seen in the Advanced
LIGO observations. Current measurements suggest a Lorentz-violation scale of 1013±2 GeV for
gravitational waves, with comparable dissipation and dispersion. Therefore, if confirmed, black
hole ringdown echoes probe the microstructure of horizons and thus can test Lorentz-violating UV
completions.
I. INTRODUCTION
Reconciliation of Einstein’s theory of general relativity
with quantum mechanics is one of the deepest myster-
ies in theoretical physics, having led to a multitude of
proposals for a theory of quantum gravity. A quantum
theory of gravity is expected to provide a microscopic
picture of spacetime. One litmus test is an explanation
of the laws of black hole thermodynamics, which sug-
gest a microscopic entropy associated with event horizons
[1–3]: the number of black hole microstates should be
NBH ∼ eA/4G, where A is the area of black hole horizon
and G ≡ ℓ2Pl is the Planck area that is around 10−70 m2.
Therefore, black hole entropy (Bekenstein-Hawking en-
tropy) is given by SBH ≡ lnNBH ∼ A/4G, which can be
derived from a semiclassical analysis of the gravitational
path integral [4]. However, the nature of these black
hole horizon microstates has remained illusive, an issue
of which the resolution will shed light onto the darkest
core of quantum gravity.
It has been recently proposed that ringdown gravita-
tional waves (GWs) may be useful to test the structure
of black hole horizons [5–10]. This structure may arise in
exotic compact objects such as wormholes [11], gravastars
[12], fuzzballs [13], firewalls [14], 2-2 holes [15], orbifold
membranes [16], and a self-consistent model of semiclas-
sical black holes [17]. In this paper, we study the possibil-
ity that microstructure on black hole horizons can lead to
a modification of the dispersion relation (DR) of GWs,
which can be probed with the observation of ringdown
GWs from merger events that lead to the formation of
black holes.
Theories of quantum gravity generically modify the mi-
crostructure of spacetime on small scales comparable to
Planck length ℓPl, which may lead to a modification of
DR, or broken Lorentz invariance, as we approach Planck
energy (e.g., [18, 19]). The broken Lorentz invariance re-
quires the existence of a preferred coordinate system (or
spacetime foliation). For the purpose of this study, we
shall assume that this preferred coordinate system is de-
fined by the black hole spacetime Killing vectors, in terms
of which the metric is static (or stationary) [52]. For sim-
plicity, we shall focus on a nonspinning black hole, and
calculate the ringdown GWs in the Schwarzschild coordi-
nate: ds2 = −F (r)dt2+F−1(r)dr2+ r2(dθ2+sin2 θdϕ2),
where F (r) ≡ 1 − rg/r and rg is the Schwarzschild ra-
dius. This static solution is, for instance, realized in the
Horˇava-Lifshitz (HL) gravity without quadratic curva-
ture terms [20].
The Bekenstein-Hawking entropy can be derived by us-
ing the (Euclidean) Schwarzschild coordinates that pos-
sess the conical singularity on its horizon [4, 21, 22],
and the derivation of the Wald entropy [23] is based
on a Noether charge which is defined on a Cauchy sur-
face not covering the interior region but only covering
the exterior region. In this sense, the concept of the
Bekenstein-Hawking entropy can be associated with the
Schwarzschild coordinate (rather than e.g., Kruskal co-
ordinates, which is seen by an infalling observer going
across the horizon). As such, one may argue that the
static Schwarzschild coordinates are the natural choice
of coordinates for black hole microstates, which would
break Lorentz symmetry. In addition, arguments based
on the black hole information paradox suggest that the
black hole interior may not exist (e.g., [14, 24, 25]). Ac-
cording to this hypothesis, the “no drama” picture in
which an observer freely falls across the black hole hori-
zon is no longer valid, signaling a quantum violation of
2Einstein’s equivalence principle. In contrast, if one chose
e.g., the Kruskal coordinates as a preferred frame, noth-
ing special would happen in the ringdown GWs from a
black hole since there would be no significant blueshift
at the horizon.
If a modified DR turns on as frequencies reach Planck
energy EPl, the adiabatic approximation near the hori-
zon (where frequencies diverge) is violated, and thus
we can convert ingoing to outgoing modes. This leads
to a drastic change in the quasinormal modes (QNMs)
of black holes, and in particular, echoes could show
up in the late-time tail of ringdown GWs. In this
manuscript, we focus on lowest-order Planck-suppressed
Lorentz-violating theories by studying a modified DR,
Ω2 − K2 = −C2K4/E2Pl − iγK2Ω/EPl, as a toy model
to phenomenologically investigate the effects of Lorentz
violation on the ringdown GWs. The case of HL gravity
will be discussed elsewhere. In the case of the HL grav-
ity, the preferred frame is not given by the Schwarzschild
coordinates (even in the GR limit of the HL gravity) due
to the fall of the khronon field into the Killing horizon
[26, 27]. The infalling khronon field piles up near the uni-
versal horizon just like the Killing foliation piles up near
the event horizon. In addition, the universal horizon pos-
sesses the microscopic degrees of freedom associated with
the black hole’s entropy [28]. In this sense, our model is
just a toy model of the HL gravity.
The organization of our paper is as follows. In Sec.
II we assume a modified Regge-Wheeler (RW) equation,
leading to a modification of DR, to provide a toy model
to describe a Lorentz violation at the Planck scale, and
then we give physically reasonable boundary conditions
to solve the modified RW equation. In Sec. III the QNMs
of black holes for the modified DR are shown, and impos-
ing a certain initial data of GWs, we numerically calcu-
late the time-domain function of ringdown GWs from a
perturbed black hole and find out late-time echoes. Fur-
thermore, we also numerically investigate the reflection
rate of infalling GWs near the horizon. In Sec. IV we
roughly discuss some experimental consequences of our
proposal. Finally, we conclude with some final comments
in Sec. V.
II. MODEL AND BOUNDARY CONDITIONS
A. Toy model to describe the Lorentz violation
around the Planck scale
The ringdown GWs consist of the QNMs of a black
hole, which are calculated by solving the RW equation
[29–31] [
∂2
∂r∗2
+ ω2 − Vℓ,s(r∗)
]
ψs(r
∗, ω) = 0, (1)
with the appropriate boundary condition
lim
r∗→−∞
ψs ∼ e−ikr
∗
, lim
r∗→+∞
ψs ∼ eikr
∗
, (2)
where ℓ is a spherical-harmonics mode, s is the index of
the spherical-harmonic expansion, and Vℓ,s(r
∗) is the RW
potential. Here we define the Schwarzschild frequency, ω,
and tortoise wave number, k, which are the conjugates
of the Schwarzschild time, t, and tortoise coordinate, r∗,
respectively. Substituting e±ikr
∗
into the RW equation
(1), one finds that it reduces to the DR: −k2+ω2 = 0 for
r∗ → ±∞. Rewriting this DR with the proper (physical)
frequency (Ω) and wave number (K),
Ω ≡ ω/
√
F (r) and K ≡ k/
√
F (r), (3)
one obtains
Ω2 −K2 = 0 for r∗ → ±∞. (4)
To demonstrate that a UV Lorentz violation could af-
fect ringdown GWs propagating from a black hole, for an
example, we will use the following modified RW equation,
[
C2
E2Pl
F−1(r)
∂4
∂r∗4
− i γω
EPl
F−1/2(r)
∂2
∂r∗2
+
∂2
∂r∗2
+ ω2 − Vℓ,s(r∗)
]
ψs(r
∗, ω) = 0, (5)
where C and γ are arbitrary parameters, similar to “lat-
tice size effects” and “viscosity” in ordinary material.
Note that we simply assume (5) here as a toy model to
describe lowest-order Lorentz violation in the IR limit.
For instance, in the HL gravity, we also have to take a
∂6r∗ term into account, and there might be some nontriv-
ial modifications in the RW potential. Here, the mod-
ification terms, the first and second terms in (5), are
negligible for r∗ → ∞, and (5) reduces to (1) at a dis-
tant region since those terms are suppressed by factors
k/EPl ∼ ω/EPl ∼ ℓPl/rg while F ≃ 1. On the other
hand, in the near-horizon limit, the modification terms
are dominant since F−1 ≃ e−r∗/rg+1 →∞ for r∗ → −∞.
The modified RW equation (5) reduces to the following
modified DR in the near-horizon limit and at a distant
region:
C2
E2Pl
k4
F
+ i
γ
EPl
ω
F 1/2
k2 − k2 + ω2 = 0 for r∗ → ±∞. (6)
Rewriting (6) with the proper frequency and wave num-
3ber (3), one finds that (5) gives the following quartic DR:
Ω2 −K2 = −C2K4/E2Pl − iγK2Ω/EPl. (7)
Note that the wave number at which the group ve-
locity becomes zero, Kmax, is estimated as Kmax =
EPl/
√
γ2/2 + 2C2 (see Appendix A) and the dissipation
effect is adjustable by changing the value of γ. Here, we
only include the radial derivative terms, the first and sec-
ond terms in (5), as modifications of RW equation since
they dominate in the near-horizon limit because of the
blueshift factor, 1/F (r). All modification terms are sup-
pressed by (GM)−1/EPl and are negligible far from the
black hole.
B. Boundary conditions
To compute QNMs, we can impose the outgoing modes
at the distant region, lim
r∗→∞
ψs ∼ eikr
∗
. On the other
hand, imposing ingoing modes near the horizon is im-
possible since F (r)−1 = (1 − rg/r)−1 in (5) diverges at
the horizon and the first term becomes dominant, which,
as we see below, gives a nonoscillatory solution near the
horizon. The modified RW equation (5), is a fourth-
derivative equation, and therefore, it gives four indepen-
dent solutions. Using F (r) ≃ er∗/rg−1 near the horizon,
−r∗ ≫ rg, one obtains an analytic asymptotic solution,
ψs ≃
3∑
n=0
Cn
(
r∗
rg
)n
+
3∑
i=1
fi(r
∗, Cn)ǫ
i +O(ǫ4), (8)
where fi (i = 1, 2, 3) are fourth-order polynomials in
r∗/rg and an expansion coefficient, ǫ, is a function of
r∗,
ǫ(r∗) ≡ e(r∗−rg)/2rg rg
ℓPl
≡ e(r∗−r∗Pl)/2rg , (9)
where the sequential solutions (8) are good approxima-
tions for |ǫ(r∗)| < 1 (r∗ < r∗Pl ≡ −rg ln
[
r2g/(eℓ
2
Pl)
]
). The
explicit forms of fi (i = 1, 2, 3), which has the depen-
dence on the parameters C and γ, are shown in Ap-
pendix B. As is shown in (8), in the vicinity of the horizon
(r∗ . r∗Pl), the solution of the modified RW equation is
no longer oscillatory. Hence, we have to appropriately
impose a substitute boundary condition to obtain the
QNMs of a black hole with the assumed modified DRs.
Since GWs cannot propagate inward anymore at the po-
sition where K = Kmax and the group velocity of GWs
becomes zero, we will impose a condition that there is no
flux for r∗ → −∞, i.e. all the ingoing energy is either re-
flected or absorbed by the horizon microstructure. This
boundary condition is also motivated by the firewall [14]
and fuzzball [32, 33] picture in which there is no black
hole interior. The no flux condition at the horizon means
that the mode function should be spatially constant for
r∗ → −∞, and on the other hand, we can impose the
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FIG. 1: A mode function with C = 1, γ = 0, rg/ℓPl = 10
2.5,
and its frequency is the third QNM, ω = ωn=2, the value of
which is rgωn=2 = 0.6705 − i10
−2.48.
outgoing condition for r∗ → +∞:
lim
r∗→−∞
ψs = const., lim
r∗→+∞
ψs ∼ eiωr
∗
. (10)
The no flux condition at the horizon singles out the solu-
tion with C0 6= 0 and C1 = C2 = C3 = 0 in (8) since the
spatial derivative of the mode function exponentially ap-
proaches zero in the limit of r∗ → −∞. Setting ℓ = s = 2,
the numerical solution for ψs=2(ω, r
∗) is shown in Fig.
1. In the region between the horizon (r∗ = −∞) and
r∗ ∼ r∗Pl (Region I in Fig. 1), the mode function is al-
most spatially constant, and there is vanishing flux. On
the other hand, in Region II in Fig. 1, a long-lived mode,
which is the superposition of an outgoing and ingoing
mode, is trapped. Denoting the amplitudes of outgoing
and ingoing modes in Region II as Aout and Ain, respec-
tively, the several values of reflection rate, |Aout|/|Ain|,
are plotted with the various values of frequency in Fig.
(5). Finally, Region III is located outside the angular
momentum barrier, where we have imposed a purely out-
going condition.
III. QNMS, RINGDOWN GWS, AND
REFLECTION NEAR THE HORIZON
Numerically solving the modified RW equation (5),
with the boundary condition (10), we obtain the QNMs
that include highly long-lived modes (see Fig. 2). For
simplicity, we here use the Po¨schl-Teller (PT) potential,
VPT(r
∗), which has the form [34, 35]
VPT(r
∗) =
V0
cosh2
[
α(r∗ − r∗top)/rg)
] , (11)
where V0, α and r
∗
top are constant parameters. To
mimic the angular momentum barrier for a Schwarzschild
black hole V2,2(r
∗), we set V0 = V2,2(r
∗
top) and α
2 =
−(2V2,2(r∗top))−1∂2r∗V2,2(r∗)|r∗=r∗top , where r∗top should be
taken so that dV2,2(r
∗
top)/dr
∗ = 0. In the following,
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FIG. 2: The first four QNMs (n = 0, 1, 2, 3) for C = 1, 1.5, 3
and for γ = 0, 0.1, 0.3 and the lowest-lying QNM for C =
0, γ = 0 are shown. One can observe the long-lived modes
of which the imaginary parts are much smaller than unity,
−6 . log10 |rgωI | . −2.
we therefore choose V0 = 0.605/r
2
g, α = 0.362 and
r∗top = 1.195rg to mimic the RW potential. We further as-
sume rg/ℓPl = 10
2.5 for illustrative purposes. Using more
realistic values of rg/ℓPl ∼ 1040 only logarithmically in-
creases echo time delays, ∆techo ≃ 2× |r∗Pl| ∝ log [rg/ℓPl]
(see also [10, 36]).
One can see that the low-lying QNMs become less long
lived as the dissipation factor γ becomes larger, (solid
arrows in Fig. 2). The real parts of low-lying QNMs
become larger, while their imaginary parts also become
slightly larger as the parameter C increases (dashed ar-
rows in Fig. 2).
We can confirm that the long-lived QNMs lead to
the appearance of echoes in the late-time tail of ring-
down GWs by calculating the time-domain wave func-
tion, which can be recovered via
Ψs=2(t, r
∗) =
1√
2π
∫
dωe−iωtψs(ω, r
∗). (12)
Assuming a static initial data, ∂tΨs(0, r
∗) = 0, the mode
function ψs can be obtained by the (retarded) Green’s
function, G(r∗, r∗′, t), as [37]
ψs=2(ω, r
∗) =
∫
dr∗′∂tG(r
∗, r∗′, t)Ψs=2(0, r
∗′)
=
ψ+
2iωAin
∫ r∗
−∞
dr∗′I(ω, r∗′)ψ−
+
ψ−
2iωAin
∫ ∞
r∗
dr∗′I(ω, r∗′)ψ+,
(13)
where I(ω, r∗) is a source term that includes initial data
of GWs around the black hole. Here, we take the
static and Gaussian initial data, which have a peak at
r∗ = r∗ini with its dispersion σ, that is, Ψs(t = 0, r
∗) =
e−(r
∗
−r∗ini)
2/σ2 and ∂tΨs(t = 0, r
∗) = 0, and the form of
the source term is given by
I(ω, r∗) = iωΨs=2(t = 0, r
∗). (14)
The real part of the mode function and time-domain
wave function, as seen by an observer at r∗ = r∗obs,
Re[ψs=2(ω, r
∗
obs)] and Re[Ψs=2(t, r
∗
obs)], are shown in Fig.
(3). One can find that the long-lived QNMs with n =
3, 4, 5 are relatively excited compared to other QNMs
(red line in Fig. 3a), which leads to the echoes in the
late-time tail of ringdown GWs. We find out that the
phase of echoes depends on the parameter C (Fig. 4) and
the time interval in which we observe the echo, ∆techo,
can be evaluated as (see Appendix C)
∆techo ≃ −2× r∗|K≃Kmax ≃ 2rg ln
[
2(2C2 + γ2)E2Pl
e(4C2 + γ2)2ω2
]
.
(15)
On the other hand, the amplitude of echoes depends on
the dissipation factor γ, and the echoes disappear in the
limit of |γ| ≫ |C| (Fig. 4). This is consistent with the
dependence of QNMs on the parameters C and γ; the real
parts of QNMs (the phase of echoes) depend on C and
the imaginary parts (the dissipation effect on ringdown
GWs) largely depend on γ.
We also calculated the reflection rate of GWs near the
black hole horizon for several frequencies of GWs (Fig. 5)
and confirmed that the reflection rate is consistent with
the amplitude of echo (see Appendix D). A mode function
ψs=2(ω, r
∗) in the range of r∗Pl < r
∗ < 0 (Region II in
Fig. 1) can be decomposed into an outgoing and ingoing
mode: ψs=2 = Aoute
iωr∗ + Aine
−iωr∗ . Then, we can
calculate the reflection rate, |Aout|/|Ain|, as a function of
ω, and one finds that the GWs is perfectly reflected at the
horizon for γ = 0, while the reflection rate drops as the
dissipation term, γ, increases (Fig. 5a). Interestingly,
the reflection rate of long-wavelength GWs are higher
compared to those of short-wavelength GWs, which is
consistent with Ref. [16]. We can find an analytic form
of the reflection rate based on the WKB approximation
(see Appendix C),
|Aout|/|Ain| ≃ exp
[
−
√
2 + 4C2/γ2
2π(1 + 4C2/γ2)
(
~ω
kBTH
)]
, (16)
in terms of Hawking temperature TH = ~κ/(2πkB) or
surface gravity κ for the black hole horizon.
The zero flux boundary condition (10) is not appropri-
ate for a modified DR with γ = 0 and with C2 < 0
since it does not lead to zero group velocity of in-
falling GWs near horizon. However, the wave number
at which the group velocity becomes zero is given by
Kmax = EPl/
√
γ2/2 + 2C2, and therefore, the negativ-
ity of C2, as suggested by e.g., HL gravity [38], can be
offset by the large value of γ for which the zero flux con-
dition is satisfied. Fixing γ with a large value, we here
investigate the dependence of the reflection rate on the
parameter C (Fig. 5b). Since the term including the pa-
rameter C does not contribute to the reflection of GWs
in the case of C2 < 0, the reflection rate is smaller com-
pared to the case of C2 > 0 or C = 0. Furthermore,
taking C2 < 0 and γ2 ≫ |C2| suppresses the amplitude
of echoes and shifts them to lower frequencies.
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FIG. 3: (a): The plots of Re[ψs=2(ω, r
∗
obs)] for C = 1, γ = 0 (red line) and for C = 0, γ = 0 (black dashed line) are shown.
The dotted line indicates the real parts of QNMs with n = 0, 1, 2, ..., 8. (b): The time-domain functions, Re[Ψs=2(t, r
∗
obs)], for
C = 1, γ = 0 (red line) and for C = 0, γ = 0 (black dashed line) are shown. Here we set the parameters characterizing the
initial data of GWs as (r∗ini/rg, σ/rg, r
∗
obs/rg) = (3, 2, 25).
IV. DISCUSSIONS
Let us now see how currently measured echo properties
constrain the modified dispersion relation (7). For the bi-
nary NS merger event GW170817 [39] , Ref. [40] reports
repeating echoes with frequency f = 72 Hz that decay (in
power) by a factor of 2 within 0.2 sec. This result is con-
sistent with a black hole remnant with M = 2.6−2.7M⊙
and spin 0.84−0.87, fixing the exponent in (C4) to -2.4%
for ~ω2πkBTH ≃ 0.035, which in turn implies γ ≃ C.
Furthermore, Ref. [36] reports echoes in aLIGO BH
mergers are consistent with 2∆techo/rg = 620 ± 32. For
the aLIGO frequency range 100 − 200 Hz, Eq. (15) im-
plies Kmax ∼ EPl/C ∼ 10−6±2EPl = 1013±2 GeV, which
is suggestively close to both the scale of grand unified
theories, as well as the tachyacoustic big bang models
that seed cosmic structures [41, 42].
Blas et al. [43] combined current bounds on Einstein-
Aether/HL theories with technical naturalness argu-
ments to suggest an upper limit on the Lorentz break-
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FIG. 4: The dependence of ringdown GWs on the parameter
C and on the dissipation factor γ. Here we set the parame-
ters for the initial data of GWs as (r∗ini/rg, σ/rg, r
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obs/rg) =
(3, 2, 25).
ing scale, EPl/C < 10
16 GeV. On the other hand, di-
rect gravitational wave observations give lower a bound
EPl/C > 10 meV (e.g., [44]). Our present measurement
of 1013±2 GeV is consistent with both these constraints.
Ref. [45] reports, however, that, although there is some
evidence echoes in LVT151012 and GW151226, as both
have positive log Bayes factors (Table II in [45]), this
evidence is not very strong since the magnitude of the
factors is comparable to or smaller than unity. There-
fore, note that the above discussion is not based on con-
clusive evidence for the echo signals. It is expected that
improvements in observational sensitivity and echo wave-
form models may reveal if echo signals are emitted at the
final stage of merger events leading to the formation of
black holes (see, e.g., [36, 40, 46–50] for the relevant dis-
cussion).
! ! ! ! !
"
"
"
"
"
#
#
#
#
#
!
!
!
!
!
"
"
" " "
$
$
$ $ $
0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
rgΩR
A
o
u
t!
A
in
!!
"!
! ︎!
# ︎!
"!
$!
%!
#!
γ = 0, C2 = 1
γ = 0.5, C2 = 1
γ = 1.0, C2 = 1
γ = 1.5, C2 = 1
γ = 2.0, C2 = 1
γ = 15, C2 = 1
γ = 15, C2 = −1
γ = 15, C2 = 0
!"#$
!%#$
rgωR
!
!
0.36 0.38 0.40 0.42 0.44
0.070
0.075
0.080
0.085
0.090
!
!
0.56 0.58 0.60 0.62 0.64
0.020
0.021
0.022
0.023
0.024
!
!
0.76 0.78 0.80 0.82 0.84
0.0076
0.0078
0.0080
0.0082
0.0084
!
!
0.96 0.98 1.00 1.02 1.04
0.0030
0.0032
0.0034
0.0036
0.0038
0.0040
rgωR
A
o
u
t
/A
in
FIG. 5: The several values of reflection rate with the vari-
ous values of the parameters and with the various values of
frequency, ωR, with ωI = 0.
6V. CONCLUSIONS
In this manuscript, we have proposed the possibility
that the microstructure on black hole horizons causes a
Planck-scale modification of DR, which could be probed
by observing the late-time tail of ringdown GWs from the
formation of black holes. Assuming a simplified modi-
fied DR with the characteristic dissipation and disper-
sion scales, γ and C, we have numerically calculated
the QNMs of a Schwarzschild black hole. The modified
DRs change the boundary condition for mode functions
of GWs near the horizon and lead to the highly long-
lived QNMs, resulting in the appearance of echoes at the
late-time tail of ringdown GWs. Although the echoes in
ringdown GWs have been studied in the context of the
probe of exotic compact objects [11–16], our results sug-
gest that the echoes could be a probe of quantum grav-
ity theory itself, which would pinpoint the modification
of DR in nature. In particular, current reported echo
signals are consistent with a Lorentz-violation scale of
1013±2 GeV, with comparable dissipation and dispersion.
The future work will explore the ringdown GWs with the
DRs predicted by the loop quantum gravity [51] and the
HL gravity (including the dynamics of the khronon field)
[38].
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Appendix A: Derivation of Kmax = EPl/
√
2C2 + γ2/2
Starting with the modified DR,
Ω2 = K2 − C2K4/E2Pl − iγK2Ω/EPl, (A1)
one has
Ω = ±K
√
1− (C2 + γ2/4)K2/E2Pl − i
γK2
2EPl
. (A2)
Calculating dΩ/dK, one obtains
dΩ
dK
= ± 1− (2C
2 + γ2/2)K2/E2Pl√
1− (C2 + γ2/4)K2/E2Pl
− iγ K
EPl
, (A3)
where the first term, Re(dΩ/dK), is the group velocity
and the second term, Im(dΩ/dK), gives the dissipation
rate. Finally, one finds that Kmax, for which the group
velocity becomes zero, takes the form of
Kmax =
EPl√
2C2 + γ2/2
. (A4)
Appendix B: Asymptotic solutions for the modified
RW equation
In the near-horizon limit, r∗ → −∞, the analytic
asymptotic solutions for the modified RW equation can
be derived. Since the term including a fourth derivative
in Eq. (4) becomes the most dominant term in the near-
horizon limit, the zeroth order of the asymptotic solu-
tions should be a fourth-order polynomial. Furthermore,
it is sequentially found that the first and second orders of
the asymptotic solutions should be suppressed by er
∗/2rg
and by er
∗/rg , respectively,
ψs(ω, r
∗) =
3∑
i=0
fi(r
∗)ǫi +O(ǫ4), (B1)
where ǫ(r∗) ≡ rge(r∗−rg)/2rg/ℓPl and fi(r∗) (i = 0, 1, 2, 3)
are fourth-order polynomials. Substituting the following
ansatz into the modified RW equation, Eq. (4),
f0(r
∗) ≡
3∑
n=0
Cn(r
∗/rg)
n, (B2)
f1(r
∗) ≡
3∑
n=0
Dn(r
∗/rg)
n, (B3)
f2(r
∗) ≡
3∑
n=0
En(r
∗/rg)
n, (B4)
f3(r
∗) ≡
3∑
n=0
Fn(r
∗/rg)
n, (B5)
one can obtain all coefficients of the ansatz,
{Dn}n=0,1,2,3, {En}n=0,1,2,3, and {Fn}n=0,1,2,3 as
follows:
7D0 =
32iγω¯
C2
(C2 − 24C3), (B6)
D1 =
96iC3γω¯
C2
, (B7)
D2 = D3 = 0, (B8)
E0 =
1
C4
(−8(C2 − 24C3)γ2ω¯2 + C2 (−(C0 − 4C1)ω¯2 + 24C3(1 + 5ω¯2)− 2C2(1 + 10ω¯2))) , (B9)
E1 =
−1
C4
(
24C3γ
2ω¯2 + C2
(
(C1 − 8C2)ω¯2 + 6C3(1 + 10ω¯2)
))
, (B10)
E2 = − ω¯
2
C2
(C2 − 12C3), (B11)
E3 = −C3ω¯
2
C2
, (B12)
F0 = −32(C2 − 8C3)e
1/2
81C2rg
− 16iγω¯
(
10C2 − 188C3 + C0ω¯2
)
81C4
+
32i (21C1 − 259C2 + 5332C3) γω¯3
729C4
− 128i (C2 − 26C3) γ
3ω¯3
81C6
, (B13)
F1 = −32C3e
1/2
27C2rg
− 160iC3γω¯
27C4
− 16i (3C1 − 28C2 + 518C3) γω¯
3
243C4
− 128iC3γ
3ω¯3
27C6
, (B14)
F2 = −16i (C2 − 14C3) γω¯
3
81C4
, (B15)
F3 = −16iC3γω¯
3
81C4
, (B16)
where ω¯ ≡ rgω and {Cn}n=0,1,2,3 are arbitrary con-
stants to be determined by a boundary condition for the
modified RW equation. Here we impose C0 6= 0 and
C1 = C2 = C3 = 0 as the no-flux condition near the
horizon (r∗ ≪ r∗Pl). Finally, one has the asymptotic form
of the mode function:
ψs=2(ω, r
∗) ≃ C0
(
1− ω¯
2
C2
ǫ2 − i16
81
γ
ω¯3
C4
ǫ3
)
for r∗ < r∗Pl.
(B17)
One may find that the imaginary part of the asymptotic
form of the mode function is proportional to the dissi-
pation factor, Im(ψs=2) ∝ γ, which suggests that the
reflection rate may decrease as γ increases as is shown in
the next section.
Appendix C: Reflection rate of GWs near the
horizon
In this Appendix, we will derive the analytic form of
the reflection rate of GWs near the horizon, |Aout|/|Ain|,
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FIG. 6: The comparison between the semianalytic form ( C3)
and the numerical calculated reflection rate near the horizon.
by using the WKB approximation.
To see this, we note that the imaginary part of the
frequency in Eq. (A2) denotes the rate of decay in the
amplitude of a wave packet. As such, in the WKB limit,
8we can write:
ln
( |Aout|
|Ain|
)
≃ −
∮
dt
√
F (r∗)
γK2
2EPl
≃ − γω
2
2EPl
∮ |dr∗|√
F (r∗)
≃ − 2γrgω
2
EPl
√
F (r∗min)
, (C1)
where
∮
is the integral over the classical wave packet
trajectory with Ω(r) = ω/
√
F (r), and we only use the
change in the dispersion relation to compute the reflec-
tion radius [53]:
r∗min ≡ r∗|K≃Kmax ≃ −rg ln
[
2(2C2 + γ2)E2Pl
e(4C2 + γ2)2ω2
]
. (C2)
Plugging this into Eq. (C1) yields
|Aout|/|Ain| ≃ exp
[
−2rgω
√
2 + 4C2/γ2
1 + 4C2/γ2
]
. (C3)
The analytic formula (C3) and the numerically obtained
reflection rates are compared in Fig. 6, which appear
to agree for small values of γωrg, where the adiabatic
condition is satisfied.
We can also relate rg to surface gravity κ, or Hawking
temperature of TH via kBTH ≡ ~κ/(2π) = ~/(4πrg).
Therefore, Eq. (C3) can be written in terms of Hawking
temperature as
|Aout|/|Ain| ≃ exp
[
−
√
2 + 4C2/γ2
2π(1 + 4C2/γ2)
(
~ω
kBTH
)]
.
(C4)
Given that the reflection only depends on the local
blueshift near the horizon, we expect this formula to be
valid for spinning BHs as well.
Appendix D: Consistency between the reflection
rate and amplitude of GW echoes
As supporting evidence that the GW echoes originate
from the reflection of GWs at the horizon, we confirmed
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FIG. 7: The comparison between the regularized amplitude
of the first echo and the reflection rate with rgωR = 0.5, 1,
and 1.5 (blue, red, and green points, respectively).
that the dependence of the amplitude of the first echo
on the dissipation effect γ (Fig. 7). As is shown in
Fig. 3, the most excited QNM is around rgωR ∼ 1, and
this mode may be dominant in the GW echoes. This is
consistent with the comparison with the reflection rate
for rgωR = 1 (red points) shown in Fig. 7, in which
one may find that the reflection rate with rgωR = 1 fits
the regularized amplitude of the first echo A¯echo well.
On the other hand, the reflection rate for the modes of
rgωR = 0.5 (blue points) and 1.5 (green points), which
are not excited well in the GW echoes, do not fit the
regularized amplitude of the echo.
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